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Abstract In this study, the fundamental problem of
the biomagnetic fluid flow in a lid driven cavity under
the influence of a steady localized magnetic field is
studied. The mathematical model used for the formu-
lation of the problem is consistent with the principles
of Ferrohydrodynamics (FHD) and Magnetohydrody-
namics (MHD). The biomagnetic fluid is considered
as a homogeneous Newtonian fluid and is treated as
an electrically conducting magnetic fluid which also
exhibits magnetization. A known biomagnetic fluid
which exhibits such magnetic properties is blood. For
the numerical solution of the problem, which is de-
scribed by a coupled, non linear system of PDEs, with
appropriate boundary conditions, the SIMPLE algo-
rithm is used. The solution is obtained by the develop-
ment of a numerical methodology using finite volumes
on a staggered, properly stretched, grid. Results con-
cerning the velocity indicate that the presence of the
magnetic field influences considerably the flow field.
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1 Introduction

Biomagnetic Fluid Dynamics (BFD) is a new area in
fluid mechanics investigating the fluid dynamics of bi-
ological fluids in the presence of magnetic field. Ac-
cording to BFD, which was developed by Haik et al.
[1, 2], the biological fluids are treated as isothermal,
Newtonian, electrically non conducting magnetic flu-
ids. This model is consistent with the principles of Fer-
rohydrodynamics (FHD) [3–9] and the dominant force
in the flow field is that of magnetization. A characteris-
tic biomagnetic fluid is blood. Blood exhibits polariza-
tion due to the erythrocytes which constitute magnetic
dipoles in a liquid carrier (plasma) [1].

An extended BFD mathematical model, was devel-
oped by Tzirtzilakis [10]. The two basic differences
with the initial BFD model of Haik et al. are the fol-
lowing. First, the biofluid is not considered isothermal
and the temperature distribution is studied in the flow
field. Second, biofluid is considered to be electrically
conducting whereas, at the same time the polarization
forces are taken into account [10]. These modifications
were adopted due to the fact that blood, for strong
magnetic fields, behaves like an electrically conduct-
ing fluid which simultaneously exhibits magnetiza-
tion. Consequently, the latter BFD model incorporates
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the principles of Magnetohydrodynamics (MHD) [11–
14] along with the principles of FHD and the dominant
forces in the flow field are both magnetization and the
Lorentz force [10]. Under certain assumptions, as far
as the applied magnetic field is concerned, e.g. sharp
magnetic field gradient or low magnetic field strength,
the momentum equations of [10] can be reduced to that
used in the BFD model of Haik et al. [1, 2, 10].

As far as the applications are concerned, a usual
technique is the addition to blood of artificially cre-
ated nano-particles. These particles either are attached
to erythrocytes, or they are moving independently in
blood. This practically means that the magnetization
of blood is increased by orders of magnitude and blood
behaves like a ferromagnetic fluid. The afore men-
tioned technique is used for targeted transport of drugs
using magnetic particles as drug carriers, reduction of
bleeding during surgeries or provocation of occlusion
of the feeding vessels of cancer tumors and develop-
ment of magnetic tracers. Moreover, biomedical ap-
plications are proposed with the application of mag-
netic field directly on blood. Among them is the de-
velopment of magnetic devices for cell separation and
magnetic wound treatment or cancer tumor treatment
causing magnetic hyperthermia [15–23].

Numerical studies concerning basic flow configu-
rations such as the BFD channel flow using the BFD
model of Haik et al. [1] were investigated in [24]. The
primary effect is the formation of a vortex at the area
of the application of the magnetic field. Similar ba-
sic flow configurations were also investigated in BFD
flow problems considering non-Newtonian behavior
of the biofluid [25–30]. Furthermore, it has been ob-
served from the procedure of the numerical solution of
BFD problems that the magnetization term introduced
in the governing equations, multiplied by the MnF

number (which is of the order of 102–103), consti-
tutes a dense “source term” leading in extended distur-
bances in the flow field like the formation of vortices.
This “source” generates numerical instabilities and di-
vergence and leads to the need for seeking methodolo-
gies and techniques which improve the stability char-
acteristics of the used numerical method. One such
technique seem to be the stretching of the grid used
also in [10] and [31].

One of the most well known classical fundamen-
tal problems is that of the driven lid cavity. One of the
most well known papers on the lid-driven cavity is that
of Ghia et al. [32]. Although this physical problem is

one of the first investigated it is the most famous as a
benchmark problem for numerical algorithms and pa-
pers are still publishing [33–35].

One of the most common methodologies for the nu-
merical treatment of incompressible fluid flow prob-
lems, like the ones arising also in BFD, is the adoption
of the stream function-vorticity (or velocity-vorticity)
formulation. Such a treatment was used for the lid-
driven cavity in [33–35] and for BFD channel flows
in [24] and [31].

As far as the physical problem of magnetic fluid
flow is concerned, interesting physical problems have
also been investigated in [36–40]. The ferrofluid flow
in a cavity has been investigated in [41]. The square
cavity was considered to have two opposite sides at
two different temperatures and the other two (top and
bottom) insulated. All the walls were still. It was de-
rived that flow arises by the application of the mag-
netic field and it is strengthened as the magnetic field
increases. Analysis has also been made for the side
wall heat transfer and the thermal convection in the
flow field. The same physical problem was recently in-
vestigated in [42]. Furthermore, the isothermal MHD
flow in a lid-driven cavity was investigated in [43]. For
the numerical solution the stream function vorticity
formulation was used and the analysis showed great
influence of the vortices in the flow field by the arising
Lorentz force. The form (penetration parameter) and
the magnetic field strength (Stuart number) seemed to
be the factors of controlling the generation, shape and
size of the vortices in the lid-driven cavity.

In the present study, the BFD flow in a lid-driven
cavity is numerically investigated. The flow is as-
sumed to be isothermal, two dimensional, laminar, in-
compressible and the magnetization is described by
a linear equation involving the magnetic intensity H .
The mathematical model of [10] is taken into account,
and consequently, the biofluid is blood which is con-
sidered as a homogeneous, Newtonian and electrically
conducting ferrofluid sustained equilibrium magneti-
zation [10, 24, 31]. The physical problem is described
by a coupled, non linear system of partial differen-
tial equations (PDEs) resulting from the mathematical
model presented in [10]. The solution of the problem
is obtained numerically by the development of an ef-
ficient numerical methodology based on the SIMPLE
algorithm.

The results presented concerning the velocity and
skin friction on the side walls, show that the flow is
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appreciably influenced by the application of the mag-
netic field. The generation as well as the shape of the
vortices in the flow field depend on the magnetic field
strength intensity. These encouraging results indicate
that the application of a magnetic field, in the flow of
biomagnetic fluid, could be useful for medical and en-
gineering applications.

2 Mathematical formulation and numerical
methodology

2.1 Mathematical description of the problem

The viscous, steady, two-dimensional, incompressible,
laminar biomagnetic fluid (blood) flow is considered
taking place in a lid driven cavity. The length of the
plates is L̄ and the cavity is square. The flow is sub-
ject to a magnetic source, which is placed very close
to the lower plate of the cavity and below. This mag-
netic source is actually a point source (in 2D) or the
magnetic field arising from a line current perpendicu-
lar to the cavity. A schematic representation of the flow
field as well as the magnetic field strength contours are
given in Fig. 1(A). The origin of the Cartesian coordi-
nate system is located at the leading edge of the lower
plate, i.e. the origin of the Cartesian system is at the
bottom left corner of the cavity.

For the biomagnetic fluid (blood) as well as for the
flow, all the assumptions of the mathematical model
proposed in [10] are made. Namely, blood is consid-
ered to be an electrically conducting Newtonian mag-
netic fluid exhibiting paramagnetic behavior. The flow
is considered to be laminar and the increment of the
viscosity due to the magnetic field is considered to
be negligible. The rotational forces acting on the ery-
throcytes, when entering and exiting the magnetic field
are discarded (equilibrium magnetization). Finally, the
flow is considered isothermal and the electric field
is considered negligible since the flow is two dimen-
sional.

Under the above assumptions the equations govern-
ing the flow under consideration are [10]:

∂ū

∂x̄
+ ∂v̄

∂ȳ
= 0, (1)

Fig. 1 (A): Dimensionless magnetic field strength contours.
Variations from H(0.5,0) = 1. (B): Grid configuration

ρ̄

(
ū

∂ū

∂x̄
+ v̄

∂ū

∂ȳ

)

= −∂p̄

∂x̄
+ μ̄0M̄

∂H̄

∂x̄
− σ̄ B̄2

y ū

+ σ̄ B̄xB̄y v̄ + μ̄

(
∂2ū

∂x̄2
+ ∂2ū

∂ȳ2

)
, (2)

ρ̄

(
ū

∂v̄

∂x̄
+ v̄

∂v̄

∂ȳ

)

= −∂p̄

∂ȳ
+ μ̄0M̄

∂H̄

∂ȳ
− σ̄ B̄2

x v̄

+ σ̄ B̄xB̄yū + μ̄

(
∂2v̄

∂x̄2
+ ∂2v̄

∂ȳ2

)
. (3)
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The boundary conditions of the problem are

Upper Wall (ȳ = L̄, 0 ≤ x̄ ≤ L̄) :
ū = ūr , v̄ = 0.

Lower Wall (ȳ = 0, 0 ≤ x̄ ≤ L̄) :
ū = 0, v̄ = 0.

Left Wall (x̄ = 0, 0 ≤ ȳ ≤ L̄) :
ū = 0, v̄ = 0.

Right Wall (x̄ = L̄, 0 ≤ ȳ ≤ L̄) :
ū = 0, v̄ = 0.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(4)

In the above equations �q = (ū, v̄) is the dimen-
sional velocity, p̄ is the pressure, ūr is a constant ve-
locity, ρ̄ is the biomagnetic fluid density, σ̄ is the elec-
trical conductivity, μ̄ is the dynamic viscosity, μ̄o is
the magnetic permeability of vacuum, �H = (H̄x, H̄y)

is the magnetic field strength, �B is the magnetic induc-
tion ( �B = μ0 �H ⇒ (B̄x, B̄y) = μ0(H̄x, H̄y)) and the
bar above the quantities denotes that they are dimen-
sional.

The terms μ̄oM̄∂H̄/∂x̄ and μ̄oM̄∂H̄/∂ȳ in (2) and
(3), respectively, represent the components of the mag-
netic force, per unit volume, and depend on the exis-
tence of the magnetic gradient on the corresponding
x and y directions. These two terms are well known
from FHD [3–9]. The terms −σ̄ B̄2

y ū + σ̄ B̄xB̄y v̄ and

−σ̄ B̄2
x v̄ + σ̄ B̄xB̄yū appearing in (2) and (3), respec-

tively, represent the Lorentz force per unit volume to-
wards the x and y directions and arise due to the elec-
trical conductivity of the fluid. These two terms are
known in MHD [11–14]. The principles of MHD and
FHD are combined in the mathematical model pre-
sented in [10] and the above mentioned terms arise
together in the governing equations (2) and (3).

For the variation of the magnetization M̄ , with the
magnetic field intensity H̄ , experiments which has
been carried out in [2] showed that it can be fairly ap-
proximated by the linear relation [10]

M̄ = χ̄H̄ , (5)

where χ̄ is a constant called magnetic susceptibility.
In the above relation, the components of the magnetic
field intensity H̄x and H̄y along the x̄ and ȳ coordi-
nates, ( �H = (H̄x, H̄y)) are given respectively by

H̄x = γ

2π

ȳ − b̄

(x̄ − ā)2 + (ȳ − b̄)2
,

H̄y = − γ

2π

x̄ − ā

(x̄ − ā)2 + (ȳ − b̄)2

(6)

where (ā, b̄) is the point where the magnetic source is
placed and γ is the magnetic field strength at this point
(x̄ = ā, ȳ = b̄).

The magnitude H̄ , of the magnetic field intensity,
is given by

H̄ (x̄, ȳ) = [
H̄ 2

x + H̄ 2
y

]1/2

= γ

2π

1√
(x̄ − ā)2 + (ȳ − b̄)2

. (7)

2.2 Transformation of the equations

In order to proceed to the numerical solution of the
system (1)–(3) with the boundary conditions (4) and
the assumptions (5) and (7), the following non dimen-
sional variables are introduced

x = x̄

L̄
, y = ȳ

L̄
, u = ū

ūr

, v = v̄

ūr

, (8)

p = p̄

ρū2
r

, Hx = H̄x

H̄o

, Hy = H̄y

H̄o

(9)

where H̄o = H̄ (ā,0).
By substitution of (8) and (9) to Eqs. (1)–(3) and

taking into account (5), the following system of equa-
tions is derived

∂u

∂x
+ ∂v

∂y
= 0, (10)

u
∂u

∂x
+ v

∂u

∂y
= −∂p

∂x
+ MnF H

∂H

∂x

− N
(
uH 2

y − vHxHy

)
+ 1

Re

(
∂2u

∂x2
+ ∂2u

∂y2

)
, (11)

u
∂v

∂x
+ v

∂v

∂y
= −∂p

∂y
+ MnF H

∂H

∂y

− N
(
vH 2

x − uHxHy

)
+ 1

Re

(
∂2v

∂x2
+ ∂2v

∂y2

)
(12)

The boundary conditions of the problem are

Upper Wall (y = 1, 0 ≤ x ≤ 1) :
u = 1, v = 0.

Lower Wall (y = 0, 0 ≤ x ≤ 1) :
u = 0, v = 0.

Left Wall (x = 0, 0 ≤ y ≤ 1) :
u = 0, v = 0.

Right Wall (x = 1, 0 ≤ y ≤ 1) :
u = 0, v = 0.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(13)
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The non-dimensional parameters entering now into
the problem under consideration are

Re = L̄ρ̄ūr

μ̄
(Reynolds number),

N = μ̄2
oH̄

2
o L̄σ̄

ρ̄ūr

= Ha2

Re
(Stuart number).

MnF = μ̄oχ̄H̄ 2
o

ρ̄ū2
r

(Magnetic number arising from FHD).

The parameter entering into the problems of BFD (and
consequently of FHD) is the magnetic number MnF

defined above. The parameter, N , is the Stuart number
which is the ratio of the square of the Hartman num-
ber to the Reynolds number [11–14]. It is worth men-
tioning here that when both of these magnetic num-
bers are zero, the problem is reduced to the problem
of a common hydrodynamic flow in driven lid cavity.
When MnF is set to zero then the problem is reduced
to the MHD driven lid cavity flow whereas, when N is
set to zero the problem is reduced to a FHD driven lid
cavity flow. For a specific Reynolds number, increas-
ing these magnetic numbers is equivalent to increasing
the magnetic field strength H̄o.

The magnitude H , of the magnetic field intensity,
is also derived by the relations (7), (8) and (9) and is
given by the relation

H(x,y) = |b|√
(x − a)2 + (y − b)2

. (14)

2.3 Numerical method

For the numerical solution of the system of Eqs. (10)–
(12) subject to the boundary conditions (13), an effi-
cient technique is developed. In this technique, the fi-
nite volume method on a staggered, properly stretched,
grid was used for discretizing the non linear set of
equations. For the numerical solution of the problem
the SIMPLE algorithm was used.

2.3.1 Grid configuration

For the present physical problem, calculations where
performed testing different forms of grid stretching
also used in [10] and [31]. The grid used can be de-
scribed as a result of transformations. Let (ξ − η) be
the plane where a uniform grid is defined and a trans-
formation taking place between the planes (x − y) and

(ξ − η). According to this transformation the grid is
stretched to a way that is more dense towards the hor-
izontal walls (y-direction) and to the x = a point (x-
direction) where the magnetic field is applied.

The relation between the coordinates is given below
[44]:

x ≡ x(ξ) = ξo

(
1 + sinh[τ(ξ − λ)]

sinh[τλ]
)

,

y ≡ y(η) = 2δ1 − δ2 + (δ2 + 2δ1)κ

η−δ1
1−δ1

1

(1 + 2δ1)(1 + κ

η−δ1
1−δ1

1 )

,

(15)

ξ ≡ ξ(x) = λ + 1

τ
sinh−1

[(
x

ξo

− 1

)
sinh(λτ)

]
,

η ≡ η(y) = δ1 + (1 − δ1) ln[κ2]
ln[κ1]

(16)

where

λ = 1

2τ
ln

∣∣∣∣ 1 + (eτ − 1)(ξo/ξmax)

1 + (e−τ − 1)(ξo/ξmax)

∣∣∣∣,

κ1 =
(

δ2 + 1

δ2 − 1

)
, κ2 = −2δ1 + δ2 + y(1 + 2δ1)

2δ1 + δ2 − y(1 + 2δ1)
.

(17)

In the above relations, ξmax is the dimensionless
length of the cavity which is 1 for the present case,
ξo is the point where the grid clustering occurs, which
for the present case is ξo = a. The parameter τ is con-
trolling the rate of clustering towards the x direction
and varies from zero (no stretching) to large values
that produce the biggest clustering near ξ = ξo. More-
over, δ1 and δ2 are parameters controlling the stretch-
ing towards the y direction. If δ1 = 0, then the mesh
will be refined only near y = 1 whereas, if δ1 = 0.5,
the mesh will be refined equally near y = 0 and y = 1
[44]. Thus, the grid is clustered towards the x direction
at the area of the magnetic source. A clustering occurs
also near the horizontal walls due to the stretching to-
wards the y direction. A representative grid configura-
tion, for δ1 = 0.5 is shown at Fig. 1B. It is observed,
that the use of this stretched grid slightly improves the
stability characteristics of the used numerical method.
The results presented in this study have also been com-
pared with others derived using uniform grid and no
differences were found.

2.3.2 Numerical scheme

A staggered grid arrangement was used in our ap-
proach, offering advantages over the collocated ar-
rangement especially in convective dominated flows
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[45]. Instead placing all variables in one grid, differ-
ent variables are placed on different grids, which are
shifted half a grid point. In addition to the stagger grid
approach, an appropriate stretching of the grid was ap-
plied where close to the walls the computational grid
was finer and became coarser close to the center of the
driven cavity domain (discussed in previous section).
This is due to the fact that more action is taking place
close to the area of the magnetic source [10].

The upwind scheme is introduced to the discretized
equations to overcome problems concerning high con-
vection terms in the momentum. With this formula-
tion the influence of the convection terms was mini-
mized retaining the diffusion terms unchanged as the
velocity increases in the flow field. Upwind scheme
provides a first order accuracy instead of second order
that the diffusion terms retain, leading to inaccurate
solution when the local velocity gradients are large. To
overcome this problem the “deferred correction” ap-
proach was utilized [46]. In this scheme higher-order
flux approximations (central difference scheme) are
computed explicitly and this approximation is com-
bined with implicit low-order approximations (upwind
difference scheme) [46]. More accurate solution could
be obtained utilizing higher order schemes [47].

The Semi-Implicit Method for Pressure Linked
Equations (SIMPLE) was used to solve the system of
the momentum and pressure correction equations. In
this method a guess-correct philosophy was employed
that gradually improves the guessed solution by re-
peated use of the discrete governing equations [48].
In SIMPLE could be challenging to choose the un-
der relaxation factors since these factors are problem
specific. In this case the relaxation factors used for the
momentum equations where equal to 0.8 where for the
pressure correction equations was equal to 0.2. More
details about the SIMPLE algorithm can be found else-
where [46, 48].

2.4 Assignment of the parameter values

The above described numerical technique was applied
to solve the system of Eqs. (10)–(12), under the appro-
priate boundary conditions (13). In order to proceed to
the derivation of the numerical results, it is necessary
to assign values to the dimensionless parameters en-
tering the problem under consideration. A represen-
tative case of a physical problem is considered and
a methodology is presented for the derivation of the

values of the dimensionless parameters. A case sce-
nario similar to that adopted in [24] and [31] is con-
sidered in which the fluid is blood (ρ̄ = 1050 kg m−3,
μ̄ = 3.2 × 10−3 kg m−1 s−1) [49]. The velocity of the
lid can be chosen to be ūr = 2.438 × 10−2 m s−1 and
the length of the plates of the cavity L̄ = 5.0×10−2 m,
whereas the magnetic source is placed at distance b̄ =
2.5 × 10−3 m from the cavity. Hence b = 0.05 and the
Reynolds number, Re, is equal to 400. The dimension-
less parameter appearing in the BFD flow problem is
the magnetic number MnF and it can be written as

MnF = μ̄oH̄
2
o χ̄

ρ̄ū2
r

= μ̄oH̄oχ̄H̄o

ρ̄ū2
r

= B̄oM̄o

ρ̄ū2
r

= M̄oB̄oL̄
2ρ̄

μ̄2Re2
, (18)

where B̄o and M̄o are the magnetic induction and the
magnetization at the point (a,0), respectively. The
quantity ūr at the last equality of the above relation
has been replaced using the definition of the Reynolds
number ūr = μ̄Re/L̄ρ̄.

A first estimation of a potential value of MnF can
be made using a reference magnetic field of 8 Tesla.
For such a strong magnetic field, blood has reached
saturation magnetization of 40 A m−1 [2]. However,
the range of realistic values of MnF can be very
large and quite unpredictable, even for magnetic field
strengths of the order of 1 T, due to reasons discussed
in detail in [31]. Thus, by assuming that saturation
magnetization Mo = 40 A m−1 is attained, it is pos-
sible to produce a relation, which gives realistic range
of values for the MnF related to the applied magnetic
field Bo and the Re number. Analogous procedure for
MnF was also used in [10, 24] and [31]. Substitution
of the values considered in the present case scenario,
relation (18) gives

MnF = 1.0253906 · 107Bo

Re2
. (19)

Blood particularly, exhibits considerably high static
electrical conductivity which depends on the hemat-
ocrit and the temperature. The electrical conductivity
σ̄ of stationary blood was measured to be 0.7 S m−1

[50]. The electrical conductivity of flowing blood is
always greater than that of the stationary. The incre-
ment for medium shear rates is about 10 % and in-
creases with the increment of the hematocrit [51]. In
the current study the electrical conductivity of blood is
assumed, for simplicity, temperature independent, and
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equal to 0.8 S m−1 as in [10]. Consequently, the Stuart
number (N ) is calculated using the relation

N = σ̄ μ̄2
0H̄2

0L̄

ρ̄ūr

= μ̄

L̄ρ̄ūr

L̄2σ̄ B̄2
0

μ̄

= Ha2

Re
= 0.625

B2
o

Re
. (20)

A typical value for the square of the Hartman num-
ber using the above mentioned values of the parame-
ters is Ha2 = 40. The corresponding values of N are
calculated in accordance with the Re number. Thus for
Re = 400 it is obtained that N = 0.1.

Using the relations (19) and (20), we are able to de-
rive corresponding values for the parameters MnF and
N for a specific Re number and for an imposed refer-
ence magnetic field strength Bo. It should be stressed
that the above mentioned methodology for calculat-
ing MnF and N is not uniquely defined. Especially
MnF , Eq. (19), could have much wider range of val-
ues due to currently evolving experimental techniques
which permit great increment of magnetization (for
a given magnetic field strength) by addition of arti-
ficially created biocompatible nanoparticles [23, 31].
On the other hand, there are no reported techniques for
increasing the electrical conductivity of a biofluid like
blood. Thus, the range of values for N derived by the
use of relation (20) is considered sufficiently accurate.

3 Results and discussion

Initially, some verification calculations were per-
formed for the hydrodynamic case (MnF = N = 0).
For this case, the governing equations along with the
boundary conditions, describe the classical physical
problem of the driven lid cavity, for which there are
extensive published results in literature [33–35]. In the
present paper, several calculations were performed for
code validation purposes and only some characteris-
tic results, compared to those of Ghia et al. [32], are
presented.

Figure 2 represents result for the hydrodynamic
lid driven cavity flow for Re = 400. As already men-
tioned, there are numerous published results concern-
ing the hydrodynamic case. However the majority of
the results have been obtained by the use of stream
function vorticity formulation and the graphical repre-
sentations concern the stream function. In the present
case the solution is obtained in the form of the u and

Fig. 2 Streamtraces for Re = 400 for pure hydrodynamic flow.
This result is in good agreement with the corresponding one in
Ghia et al. [32]

v velocities. Thus, the flow field is represented us-
ing the “streamtraces” obtained by the velocity field
with the use of the software Tecplot 360©. Moreover,
streamtraces give additional information for the veloc-
ity field. When a streamtrace is continuous, the corre-
sponding velocity is lower than that represented from a
streamtrace which is discontinuous. The sparser line of
a streamtrace means quicker moving fluid. For steady
flows like this, streamtraces are the path an imagi-
nary massless particle would take if it were released
into the flow. For vector fields that do not vary over
time, streamlines, and streamtraces and massless par-
ticle paths are exactly the same thing. On the other
hand, the representation of the stream traces is much
simpler than that of a velocity field which became very
complicated and hard to understand for complex flow
patterns. The velocity field presented in Fig. 2 corre-
sponds to Re = 400 and consists of a major vortex and
two secondary ones at the lower corners. This veloc-
ity field is identical to previously obtained numerical
results presented at Fig. 3 of [32].

Figure 3 picture results for the classical center u

and v velocities, respectively, compared with those
derived in Ghia et al. [32]. It is apparent that the
agreement is excellent for all the range of Re num-
bers tested (100–5000). Calculations have been made
for grid independent results. The grid sizes used are
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Fig. 3 Comparisons for the u and v center velocities. (Top) Profiles of the horizontal velocity at x = 0.5. (Bottom) Profiles of the
vertical velocity along a horizontal section at y = 0.5

101 × 101–301 × 301. The grid used for the calcu-
lations in the present paper is 151 × 151 and the re-
sults have no significant differences with the results
obtained using denser grids.

Figure 1(A) represents the magnetic field strength
contours. For the results presented, the magnetic
source is placed at the point (0.5,−0.05) of the Carte-
sian system. The reference magnetic field Bo is de-
fined as the magnetic field induction at the point
(0.5,0), i.e. Bo = B(0.5,0). The dimensionless mag-
netic field strength intensity H(0.5,0) = 1.

The following results are presented in three sets.
Each set consists of three figures (A), (B) and (C)
which correspond to the flow pattern generated by the

application of reference magnetic field induction of
Bo = 1,4, and 8 T, respectively. Figure 4 picture re-
sults applying the general BFD model. Figure 5 cor-
responds to results applying the FHD model by set-
ting N = 0 at the governing equations (10)–(12) and
finally, Fig. 6 picture results corresponding to MHD
by setting MnF = 0.

The flow field streamtraces for Re = 400, MnF =
64.09 and N = 1.56 × 10−3 is presented at Fig. 4(A).
The values of these magnetic parameters correspond
to a reference imposed magnetic field induction of
Bo = 1 T. The flow field now is characterized by the
existence of three major and five minor vortices. It is
observed that the primary vortex is suppressed towards
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Fig. 4 Streamtraces for Re = 400, and various values of MnF and N corresponding for reference magnetic field induction of Bo = 1,
4, and 8 T, respectively

the upper plate. The center of this clockwise rotating
vortex is approximately at the point (0.78,0.86). The
other generated counterclockwise rotating major vor-
tex has center approximately at the point (0.58,0.53)

whereas, the third smaller one at the point (0.54,0.17).
This latter vortex is again rotating clockwise. From
this figure it is also obtained that the initial two mi-
nor vortices at the lower corners appearing at the pure
hydrodynamic flow (Fig. 2), tend to diminish by the
application of the magnetic field. The decrement is

greater for the vortex at the bottom right corner which
from the area x � 0.7 and y � 0.3 is restricted to the
area x � 0.92 and y � 0.8 by the application of the
magnetic field. Finally, three minor vortices appear
close to the area of the magnetic source and specifi-
cally for 0.4 � x � 0.6 and for 0 � y � 0.8.

Figure 4(B) shows the streamtraces for Re = 400,
MnF = 256.35 and N = 2.50 × 10−2. For this case
six vortices are formed with centers approximately
at the points (0.58,0.93), (0.54,0.73), (0.50,0.53),
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Fig. 5 Streamtraces for Re = 400, various values of MnF and N = 0 (pure FHD flow) corresponding for reference magnetic field
induction of Bo = 1, 4, and 8T , respectively

(0.45,0.31), (0.5,0.16) and (0.50,0.08) from the up-
per to the bottom plate, respectively. Their rotation
also changes from clockwise to counterclockwise suc-
cessively from the upper to the bottom vortex. Close to
the area of the magnetic source the fluid is almost stag-
nant and two minor vortices are barely distinguished at
the area 0.44 � x � 0.6 and y � 0.3.

The streamtraces for Re = 400, MnF = 512.70 and
N = 0.10 are presented at Fig. 4(C). These values
of the magnetic parameters correspond to a reference

magnetic field of Bo = 8 T. The flow field is analo-
gous to the previous case. It is observed that the incre-
ment of the magnetic field intensity results to the in-
crement of the number of the formed vortices. For this
case seven clearly distinguished vortices are formed
with centers approximately at the points (0.54,0.95),
(0.51,0.80), (0.50,0.63), (0.52,0.45), (0.52,0.29),
(0.51,0.18) and (0.51,0.10) from top to bottom, re-
spectively. The rotation of the vortices changes, as pre-
viously, successively from clockwise to counterclock-
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Fig. 6 Streamtraces for Re = 400, various values of N and MnF = 0 (pure MHD flow) corresponding for reference magnetic field
induction of Bo = 1, 4, and 8 T, respectively

wise from the upper to the bottom vortex. There is also
a minor vortex with center approximately at the point
(0.53,0.06). Lower to this point and close to the mag-
netic source the fluid is again almost stagnant. As a
general observation, it can be concluded that the appli-
cation of a stronger magnetic field makes the flow pat-
tern almost symmetric with respect to the line x = 0.5.

As already mentioned in Sect. 2.2, it is possible
to investigate either FHD or MHD driven lid cavity

flow problems by setting N or MnF zero, respectively
at the governing equations (10)–(12). Figure 5 shows
the streamtraces for the FHD (N = 0) driven lid cav-
ity flow for MnF = 64.09, 256.35 and 512.70, respec-
tively. Initially, the application of the magnetic field
results to the generation of single minor vortex for
0.42 � x � 0.5 and for 0 � y � 0.05 (see Fig. 5(A)).
For this lowest value of MnF the vortices at the two
bottom corners of the cavity remain unaffected com-
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pared to the hydrodynamic case (Fig. 2). As the mag-
netic number MnF increases (Fig. 5(B)) the vortex
generated by the applied magnetic field is extended.
For MnF = 256.35 two clockwise rotating vortices are
formed at the area of the lower left corner. Finally, with
the increment of the magnetic field strength and for
MnF = 512.70 one major vortex is formed for x < 0.5
and y < 0.3 (see Fig. 5(C)). It is also observed from
the three Figs. 5 that the major vortex formed in the
bottom right corner for hydrodynamic flow, remain un-
affected regardless the strength of the applied mag-
netic field. Moreover, the vortex formed at the area
of the magnetic source is always terminated directly
above the location of the source and extends to the left
side only. This way of formation of the vortex at the
area of the application of the magnetic field is a clas-
sical effect of the FHD force observed also in [1, 23,
24] and [31].

The MHD driven lid cavity flow (MnF = 0) is
shown at Fig. 6 for N = 1.56 × 10−3, 2.50 × 10−2

and 0.1, respectively. It is observed that the velocity
flow fields pictured at Fig. 6 are almost identical with
the corresponding ones of BFD flow pictured at Fig. 4.
From Figs. 4(A) and 6(A) it is obtained that the con-
tribution of the FHD force is the braking of the minor
vortex at the area 0.4 � x � 0.6 and for 0 � y � 0.8
(Fig. 6(A)) to three others even smaller vortices occu-
pying almost the same area (Fig. 4(A)). Similar phe-
nomenon is observed at Figs. 4(B) and 6(B) where the
stable minor vortex at the area 0.44 � x � 0.6 and
y � 0.3 (Fig. 6(B)) is braking to two barely distin-
guished vortices at the same area (Fig. 4(B)). Anal-
ogous results are observed comparing Figs. 4(C)–6(C)
regardless the increment of the applied magnetic field.

Clearly, the velocity field of the BFD flow is formed
mainly by the contribution of the MHD principles for
the current form of the applied magnetic field and the
FHD forces influence a very small area close to the
magnetic source. It is noticed that the FHD forces
alone, are not negligible comparable to the hydrody-
namic case and play important role for the determina-
tion of the velocity field (Fig. 5).

4 Concluding remarks

The biomagnetic (blood) fluid flow in a lid driven cav-
ity is studied. The numerical solution of the problem is
obtained by the development of an efficient numerical
technique based on the SIMPLE algorithm.

The derived results are presented in three sets. The
first set correspond to the general BFD model (polar-
ization and electrical conductivity are both taken into
account), the second set for FHD model (polarization
is taken into account) and the third set for MHD model
(the electrical conductivity is taken into account).

For the first set, the results show that the application
of the magnetic field at the area below the bottom plate
of the cavity, result to the braking of the characteris-
tic primary vortex of the pure hydrodynamic flow. For
relatively weak magnetic field strengths, this braking
leads to the formation of other smaller vortices which
increase in number with the increase of the magnetic
field strength. For relatively strong magnetic fields, the
increased number of vortices results to the reduction
of the velocities of the flow field close to the area of
the bottom plate. For this set the application of the ap-
plied magnetic field creates disturbances all over the
flow field.

The second set results indicate that the polarization
force alone is significant and can influence the flow
field by the formation of an extra major vortex com-
parable to the pure hydrodynamic case. For this case
the influence of the magnetic field on the flow is local
and is confined close to the area of application of the
magnetic field.

The third set results, exhibit many similarities to
those presented for the first set. For this specific phys-
ical problem, the contribution of the magnetic force
due the electrical conductivity is mainly the factor
that determines the final flow pattern rather than the
force raised due to polarization. These numerical re-
sults could be useful in biomedical applications driv-
ing the flow of biological fluids either globally or lo-
cally close to the area of the magnetic field influence.
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