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Abstract

The laminar incompressible fully developed biomagnetic (blood) flow in a curved square duct under
the influence of an applied magnetic field is studied. The mathematical formulation is based on the model of
BFD which is consistent with the principles of ferrohydrodynamics. According to this formulation blood is
considered as an electrically non-conducting, homogeneous and Newtonian magnetic fluid. For the numerical
solution of the problem, which is described by a coupled, non-linear system of PDEs, with their appropriate
boundary conditions, the SIMPLE method is used. The results indicate that the axial velocity, as well as the
secondary flow at the transverse plane are appreciably influenced and indicate that the magnetic field could

be used for controlling the blood flow by magnetic means.
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INTRODUCTION

Biomagnetic Fluid Dynamics (BFD) is a relatively new area in fluid mechanics investigating the fluid
dynamics of biological fluids in the presence of magnetic field. The application of a magnetic field on the
flow of biological fluids is investigated for bioengineering and medical applications concerning drug
targeting, cell separation or reduction of blood flow during surgeries [1]~[5].

A biomagnetic fluid is a fluid that exists in a living creature and its flow is influenced by the presence of a
magnetic field. The most characteristic biomagnetic fluid is blood, which behaves as a magnetic fluid, as
suggested by [7], due to the complex interaction of the intercellular protein, cell membrane and the
haemoglobin, a form of iron oxides, which is present at a uniquely high concentration in the mature red blood
cells, while its magnetic property is affected by factors such as the state of oxygenation. As a consequence
the red blood cells behave like magnetic dipoles in the plasma. The orientation of erythrocytes with their disk
plane parallel to the magnetic field has been verified in [6]~[11]. Blood possesses the property of
diamagnetic material when oxygenated and paramagnetic when deoxygenated [12], with magnetic
susceptibility 3.5x10° and -6.6x10 for the venous and arterial blood, respectively [13], [14]. With the
addition of artificially synthesized magnetic micro spheres, blood behaves like ferromagnetic material [5].
Further experiments have been made using relatively weak magnetic field (1.8 Tesla) and low temperatures
(75-295 °K) [15]. Strong magnetic fields (8 Tesla) were also used on a living rat whose blood flow and
temperature reduced [16] and experiments have shown that for a magnetic field of the same strength, the
flow rate in a tube was reduced by 30% [17].

The mathematical model of BFD has been developed on the principles of Ferrohydrodynamics (FHD).
According to this formulation, blood is actually considered as an electrically non conducting magnetic fluid
and the flow is affected by the magnetization of the fluid in the magnetic field. Thus, the arising force which

is due to magnetization depends on the existence of a spatially varying magnetic field. This formulation



opposes to the well known formulation in MagnetoHydroDynamics (MHD), which deals with conducting
fluids and the corresponding mathematical model ignores the effect of polarization and magnetization [1],
[51, [13], [17]~[25].

Thus, according to the above mentioned mathematical model, biofluids are considered as electrically poor
conductors and the flow is affected only by the magnetization of the fluid in a spatially varying magnetic
field. It is noted that in all the above formulations the biofluid is considered homogeneous with Newtonian
behaviour. Consequently, the present BFD model refers to Newtonian blood flow like the one in large
arteries.

The hydrodynamic problem of flow in a curved duct has been investigated numerically in [32]~[39] using the
stream function vorticity formulation, SIMPLE and the recently developed CVP method. Experimental data
about developing and fully developed flows in curved square ducts have also been given in [40] and [41].
The fully developed biomagnetic fluid flow in a straight rectangular duct has been investigated in [42] and
results for magnetic fluid flow in the same geometry are also given in [19].

In the present study the laminar, incompressible, fully developed viscous flow of a biomagnetic fluid (blood)
in a curved rectangular duct is numerically studied with the use of the SIMPLE method. The blood is
considered as a homogeneous and Newtonian fluid as in [43], [44] and the magnetization M is considered as
a function of the magnetic field intensity H.

The results concerning the flow rate, the axial velocity and the secondary flow in the transverse plane, show
that the flow is appreciably influenced by the magnetic field. The presence of the magnetic field affects the
secondary flow whereas the axial velocity is reduced near the area of the magnetic source. The effect also of
the magnetic field is dependent on the position of the magnetic source and can result in asymmetric flow.
These results indicate that the magnetic field could be used for controlling the blood flow by magnetic means

and encourage further studying for possible medical and bioengineering applications.



MATHEMATICAL FORMULATION

The problem under consideration is the Newtonian, steady, laminar, fully developed flow inside a

curved square duct under the influence of an applied magnetic field. The length and height of the duct is a
and the radius of curvature is R. The magnetic field is generated by an electric current going through a thin
wire placed parallel to the longitudinal axis at the position (xs,ys) outside of the duct depicted in Figure 1 by
the dash-dot line. For the study of the flow a toroidal coordinate system was used. The flow configuration is
pictured in Figure 1. The contours of the spatially varying magnetic field of strength H are shown in the
ABCD plane of the cross section where the flow is studied.
According to the mathematical model of BFD [1], [5], [13], [17], [18] which is consistent with the principles
of FHD [19]~[25], blood is assumed as a homogeneous Newtonian fluid. The Lorentz force due to the
electrical conductivity of blood is considered negligible compared to the magnetization force and this
assumption is further investigated in a latter section. Thus, blood is also considered electrically non-
conducting fluid. Moreover, equilibrium magnetization is assumed which is an assumption that proved to be
valid after experiments in [13] and the apparent viscosity due to the application of the magnetic field is
considered negligible.

The Cartesian system (X,Y,Z) is related to the toroidal one (X,y,z) by the relations

X=(R+X)cos(zZ/R) Z=(R+X)sin(Z/R) Y=Y Q)

Hence at the fully developed flow, the dimensional velocity components of V =(u,v,w) and the pressure P

are governed by the mass conservation and the fluid momentum equations at the X,y,Z directions, which are
given respectively by:

Continuity equation



ou ov @)

—+—+xCu=0
ox oy
Momentum equation in the x axis
2 (BLV] 20 2 =
p (TLJF(?(UV)_EC(_ -0 |= p a—lj a—-i—KC——(KC)Z_ Jrquﬁ 3
oX oy W 6? oy’ oX X
Momentum equation in the y axis
— 2 — 2— 2— —_
p M+6_L+ECU_\/ :—a—p+p 6_\2/+8_\2/+EC@ +u0l\_/lﬁ (4)
ox oy ay \x oy 24 9%
Axial momentum equation in the z axis
— S = 2 2
o 2OW)  OOW) | ot | =7 IPa, | TV VOV e oy (5)
X oy dz X 67 X

where ¥ is the curvature defined as Kk =1/(R +a/2) the term C is defined as C=1/(1+%X).

Magnetic Field Equations

(6)

In the above dimensional equations, B is the magnetic field induction, H is the magnetic field strength
intensity, p is the fluid density, J is the induced current, p is the viscosity and |, is the magnetic permeability

of vacuum.

For the magnetization equation the following linear equation for isothermal cases [17], [21], [24] is used.
M=yH ©)

where y is a constant called magnetic susceptibility.

The boundary conditions are



y=0 or y=a and 0<X<a U=vV=Ww=0 (8)
X=0 or Xx=a and 0<y<a U=v=w=0 9
where a is the length and the height of the square cross-section.
The magnitude[H], of the magnetic field intensity, is given by
[HI(R,9) = e (10)
2n (X_Xs) +(y_ys)
where v is the magnetic field strength at the source, namely the point (X=X_,y=Y,).
By introducing the non-dimensional variables
X y Z Ua Va Wwa
a a a \Y v \Y
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where v is the kinematic viscosity, p is the density, H,=[H](X,.y,) , the governing equations (2)~(5) are
transformed to the following equations:
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The boundary conditions are

y=0 or y=1 and 0<x<1l : u=v=w=0 (16)
x=0 or x=1 and 0<y<l : u=v=w=0 a7
a’m XFI2
where Mn =———>—is the magnetic number.

vp

For a specific fluid (v, p, %, Mo = const.) and a specific flow problem (a = const), variation of the Mn number
means variation of the magnetic field intensity H,. Thus increasing the Mn number means increment of the
magnetic field intensity at the magnetic source.

In internal flows with small transversal velocities the variation of the pressure in the transversal plain is small
and its gradient in the axial direction can be ignored in the corresponding momentum equation. Thus the
pressure pp may be split in two parts, the axial p, and the transversal pressure distribution p
(Po(X,y,2)=p(X,y)+pa(z)) and with the assumption of the fully developed flow it is concluded that the axial
pressure gradient dp,/dz (which will be symbolized by Pz) can be regarded as uniform over the cross-section
and constant in the longitudinal direction. The mean axial velocity, which in the current nondimensional form

coincides with the Reynolds number, is given by:

[
"o

(18)

m

where A is the area of the cross-section and Re=w _ .

NUMERICAL SIMULATION

The governing equations were solved according to the SIMPLE method in the finite volume formalism by
use of a staggered grid [45]. The convection and diffusion terms were discretized with the second order

central differences scheme. For the solution of the uncoupled equations (13), (14) and (15) the successive
7



line under-relaxation (SLUR) solver was adopted together with the well-known tridiagonal matrix algorithm
(TDMA). Convergence of the iteration procedure was achieved when the following criterion was satisfied for

all nodes:

k+l 1k
—Hd)JH ¢5+1¢lé © <10
ij

0

where ¢ stands for velocities u,v,w, the subscripts i, j represent the x and y coordinates and the superscript k
is the kth iteration. It was necessary to use an under-relaxation factor according to [45], ranging between 0.3
and 0.1 for the various computational cases in order to make the solution converge.

It has been found that under the influence of 8T magnetic field, blood (p=1050kgr/m®, v =3.1x10° m%sec™

[47]) has reached magnetization of 40Am™ [13].

From the definition of the Mn it is apparent that

a’uxH; _ a’B,M,
- &horH, _ 28N (19)
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where [, is the magnetic permeability of vacuum equal to 4rx107, B, is the magnetic field induction to

0

Ho(Xo,Yo) and My the corresponding magnetization. Thus, for B,=8T and a=1.2x 10> m, which corresponds to
cross-section of a large vessel, it is apparent that Mn ~5x10°.

It is also noted that in many applications, especially in magnetic drug targeting, magnetic nanoparticles are
injected in blood in order to use them as a drug delivery system for localized therapy [3], [4]. Similar nano-
spheres have been constructed in order to increase the magnetization of blood [5]. These nano-spheres
attached to the erythrocytes and as a consequence the magnetization of blood could be increased by one or
two orders of magnitute. Thus, with the addition of magnetic nanoparticles in blood it is possible to achieve
the same magnetic number using magnetic field of the order of 1T.

Blood particularly, exhibits considerably high static electrical conductivity, which is hematocrit and
temperature dependent. Over the above, the electrical conductivity of blood varies as the flow rate varies

[26]~[28]. The electrical conductivity c of stationary blood was measured to be 0.7 sm™. The electrical



conductivity of flowing blood is always greater than that of the stationary and the increment for medium
shear rates is about 10% and it further increases with the increment of the hematocrit [26]. So, it can be
assumed for simplicity that the electrical conductivity of blood is temperature independent and equal to
0.8sm™.

The Lorenz force per unit volume due to the electrical conductivity of blood, arises in the direction of the
flow and perpendicularly to the direction of the application of the magnetic field. This force is well known in
MHD [29]~[31] and is expressed by the term —aB?w. So, in order to include the Lorentz force in the
problem under consideration we could add this term on the right hand side of equation (5). After the
introduction of the non-dimensional variables (11), the term —Mn,,H*w arises at the right hand side of
equation (15). The Mny is a new magnetic number which arises due to the adopted Lorentz force of MHD

and
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After calculations in the flow domain of the term —Mn,H’w due to MHD and the term Mn H(oH/éx) of

FHD it is obtained that the term due to MHD is at least two orders of magnitude less than the corresponding
one of FHD for the specific magnetic field intensity H used. Moreover, after further calculations with the
new term of MHD added in the governing equations no differences where found in the flow domain. Thus,
the assumption of blood as an electrically non-conducting fluid is valid for the problem under consideration.
As far as the hydrodynamic flow (Mn=0) in a curved duct (various values of k) is concerned, computations
were performed using various grid sizes and Re numbers in order to establish grid independence. The
numerical tests involved mesh sizes of 30x30, 46x46 and 60x60 grid cells and the results showed a maximum
discrepancy of 0.85% between the first two grids and 0.5% between the two latter. Thus, a 46x46 grid was
chosen for the computations as it combines accuracy with considerable computational economy.

As far as the effect of the magnetic field is concerned, calculations for a straight duct (x=0) have been made

in [42] using a different numerical method. Comparison with the present results showed good agreement and



presented a maximum discrepancy of 0.9% for various Reynolds numbers computed. The obtained numerical
results are also similar to those obtained from Bashtovoy et al. for non conducting magnetic fluid (FHD). For
the fully developed flow in a straight rectangular duct, under the action of an applied magnetic field, they
observed that two vortices arose at the transverse plane, whereas the axial velocity was reduced [19]. As far
as it could be investigated, there are no results documented in the literature concerning the influence of

magnetic field on the flow of a biofluid in a curved duct.

RESULTS AND DISCUSION

Figure 2 shows the axial velocity profiles (b column) and corresponding contours (a column) for different
values of Mn, Pz=-8000 and for k=0 (straight duct). For Mn=0 the contours of H are shown whereas for
values of Mn=3x10° and 5x10° the stream function at the transverse plane is pictured (c column). The
magnetic field is applied at the point (Xs,ys)=(-0.02, 0.5) and H, is taken at (Xo,Yo)=(0, 0.5). It is seen that as
Mn increases, secondary flow arises at the transverse plane. The axial velocity reduces near the area where
the magnetic field is applied and the secondary flow strengthens as the magnetic field strengthens. The
secondary flow appears in the form of two symmetric counter-rotating vortices that are generated on each
side of the y=y; horizontal line.

In Figure 3 different axial profiles are pictured (b column) for curvature «=0.25, for various values of Mn and
Pz=-8000. The magnetic field is applied at the point (Xs,ys)=(-0.02, 0.5) and (Xo,Y,) is taken at (0, 0.5). The
contours of the axial velocity and stream function are also pictured (a and ¢ column, respectively). For Mn=0
the well-known profiles of the hydrodynamic flow inside a curved square duct appear. For Mn=3x10° it is
seen that near the area of application of the magnetic field the axial velocity is retarded and the two vortices
of the secondary flow are joined together in a similar manner to the =0 case. However these effects of the

magnetic field are confined to the area close to the magnetic source, while the rest of the flow field retains
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the characteristics of the previous case for Mn=0. For Mn=5x10° the magnetic field is strengthened
significantly and affects the whole flow field. The contours and the profile of the axial velocity (columns a
and b, respectively) show that the axial flow is retarded in a wide area near the magnetic source and that the
maximum values of the axial velocity are located close to the y=ys horizontal line, but do not lie on it.
Concerning the transversal flow field (column c), the centres of the counter rotating vortices are shifted
towards the source of the magnetic field, close to which the secondary velocities appear significantly
increased.

Figures 4 and 5 show axial velocity profiles (column b) and contours plots (columns a and c) for the axial
and transverse plane respectively for Pz=-8000. For these cases, namely x¥=0.1 and 0.25, the magnetic field is
applied at the point (xs,ys)=(1.02, 0.5) which is represented by the black dot in column ¢ of Fig.4 and
Ho(Xo,Yo) is taken at (1.00, 0.5). A first observation from Figs.4, 5 is that the area where the axial velocity is
retarded, is transposed to the left side of the cross-section, following the relocation of the magnetic source,
while the position of the maximum axial velocity is shifted towards the centre of the duct. Concerning the
secondary flow, the behaviour described in Figs.4, 5 is altogether different from the one in the previous
figures. In this case the magnetic source and the centre of the curvature are located on opposite sides of the
duct. This results to the development of opposed and conflicting forces that act on the cross-sectional flow,
which for Mn=3x10° lead to the creation of two pairs of counter rotating vortices. The present pattern of the
secondary flow also appears in the hydrodynamic flow in a curved square duct with absence of a magnetic
field. In the “non-magnetic” case, bifurcations in the solution cause the secondary flow to form either two or
four-vortex patterns depending on the curvature and the Reynolds number and this behavior has been
attributed to the balance between the centrifugal and the axial pressure gradient forces. In the present
problem, where there is presence of a magnetic field, the understanding of the phenomenon is more
complicated since all three kinds of forces, centrifugal, axial pressure gradient and magnetic, contribute to
the formation of the secondary flow patterns. Evidence of this, are the flow patterns for Mn=5x10° in Fig. 4

for k=0.1 and Fig.5 for k=0.25, where three pairs of vortices arise in the secondary flow. It could be said that
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the vortex pair that is near the magnetic source is mainly due to the magnetic field, while the aforementioned
balance between the centrifugal and the axial pressure gradient forces creates the other two pairs. However,
in order to solidify such an assertion, a detailed numerical calculation of the physical bifurcations would be
required, a task that is out of the scope of the present work.

Figure 6 shows various axial velocity profiles (column b) and corresponding contours (columns a and c) for
the axial and transverse plane respectively for Pz=-8000, k=0.1. In this case the magnetic field is applied at
the point (xs,Ys)=(0.5, -0.02) and Ho(Xo,Yo) is taken at (0.5, 0.0). It is observed that the symmetry of the flow
ceases to exist and that, as on all of the precious cases, the axial velocity is retarded near the area of
application of the magnetic field. It is also observed that the location of the maximum axial velocity is traced
to the lower left quarter of the duct, very close to the area where the minimum axial velocity appears due to
the magnetic field. The axial velocity profile between these locations of marginal velocities shows a very
steep increase. Concerning the secondary flow it is seen that three vortices appear in all the cases of Fig.6.
However, the one due to the magnetic field is limited in both extent and magnitude, and its effect on the
cross-sectional flow is notable only in the case for Mn=5x10°.

Figure 7 shows the variation of Reynolds number with the axial pressure gradient —Pz for curvatures k=0
(straight duct), 0.1 and 0.25 and for magnetic numbers Mn=0 and 5x10° with the magnetic source located at
(Xs,Ys)=(-0.02, 0.5) and Hy(Xo,Yo) taken at (0, 0.5). It is observed that the variation of the Reynolds number
with —Pz is almost linear and that as the curvature increases the Re decreases. The effect of the magnetic field
on Re is greater for small values of curvature, while for k=0.25 the flow rate (Re) is not affected by the
presence of the magnetic field. An interesting observation from the k=0.1 curves is that application of the
magnetic field causes the aforementioned bifurcation phenomenon of the secondary flow to appear for a
lower axial pressure gradient than in the case of the “non-magnetic” flow (with Mn=0). It is seen that the
“jump” that designates transition from two to three vortex pairs, appears in the k=0.1 and Mn=0 curve for
Pz=-5x10* while in the k=0.1 and Mn=5x10° curve for Pz=-3x10*. This fact shows the effect of the

magnetic field on the overall force balance and the resulting flow patterns.
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In order to investigate the influence of the magnetic field in the flow, for different values of the magnetic
number Mn, the number Re*=100((Re-Re,)/Re,) is defined, where Re, is the Re number for Mn=0.
Consequently, Re* represents the percentage change of Re due to the presence of the magnetic field.

The variation of Re* with the curvature «, for different positions of application of the magnetic field and for
Mn=0, 3x10° and 5x10° is shown in Figure 8. It is observed that in general Re* decreases as the curvature
increases. Moreover, the greatest percentage decrement of Re* with the curvature occurs for the
hydrodynamic flow (Mn=0). This decrement reaches almost 27.5% for x=0.25. For Mn=3x10° the
differences in Re* for the various locations of the magnetic source are comparatively small and a minimum
Re* of —=17% is reached for k=0.25. For stronger magnetic field with Mn=5x10°, Re* is affected less, but the
choice of the position of the magnetic field plays more significant role. Especially in the cases of application
of the magnetic field at the points (Xs,ys)=(1.02, 0.5) and (0.5, -0.02) the flow is accelerated for relatively
small curvatures (k<0.1). This acceleration is greater for (xsys)= (0.5, -0.02) and reaches almost 5% for
k~0.04. For «>0.1 the flow is retarded and irrespective of the position of the magnetic source Re* reaches
approximately -7% for k=0.25. As a general observation it can be concluded that the application of the
magnetic field opposes to the tendency of the reduction of the flow rate with the curvature. Moreover, the
flow can be accelerated for a relatively high Mn and a relatively small curvature (x<0.1) and the location of
the magnetic source affects mainly the produced flow patterns of the velocities and not the flow rate itself,
with few exceptions.

Figure 9 shows the variation Re* with the magnetic number Mn for different positions of the magnetic
source, for curvatures k=0, 0.1 and 0.25 and for axial pressure gradient Pz=-8000. For convenience in the
following context the location of the magnetic source will be indicated by the abbreviation LS when it is
positioned at the left side of the duct at (xs,ys)=(-0.02, 0.5), by RS when it is at the right side at (Xs,ys)=(1.02,
0.5) and by BS when it is at the lower side at (Xs,ys)= (0.5, -0.02). From the examination of Fig.9 it is
observed that the greater variation of Re* with the increment of the magnetic number Mn occurs for the

straight duct (k=0) and for Mn=5x10° it reaches -24%. For k=0.1 and the LS case the decrement of Re* is
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significantly less and reaches 7% for Mn=5x10°. For all other computed the reduction of Re* does not
exceed -4.5%. Concerning the variation of Re* it is seen that for the LS and BS cases, Re* presents an
essentially linear dependence with Mn for Mn>10°. For the RS case the behavior of Re* is deferent and
presents a slight increase for low Mn, followed by a decrease for medium values of Mn. However the

variation is small and remains within +2%.

CONCLUSIONS

For the straight duct (x=0) as the magnetic number Mn increases, secondary flow in the form of two vortices
arises at the transverse plane. The axial velocity reduces near the area where the magnetic field is applied and
the secondary flow strengthens as the magnetic field strengthens. For the case of the curved duct the position
of the magnetic source plays important role for the formation of the flow field. Depending on the position of
the source the vortices at the transverse plane can alter in form, change in number or become asymmetric.
The axial velocity changes significantly with the application of the magnetic field and is retarded close to the
area of the magnetic source. For a specific curvature, increase of the magnetic field results to a decrease of
the flow rate. This effect of the magnetic field is dependent on the value of the curvature and Re* reduces as
the curvature increases.

The present results were obtained using the simplified mathematical model of BFD based on the principles of
FHD. There are several issues that could be investigated in future studies. Adopting a new model that would
take into account the non-Newtonian properties of blood, its ionic nature (electrical conductivity), and the
“apparent” viscosity due to the application of the magnetic field could aid a better understanding of
biomagnetic fluid flow. However, these first results using the adopted simplified mathematical model reveal
considerable influence of the magnetic field on blood flow and encourage further studying for possible

medical and engineering applications.
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Captions of Figures

Figure 1: The flow configuration. The contours of the spatially varying magnetic field of strength H are
shown in the ABCD plane of the cross section where the flow is studied.

Figure 2: Axial velocity profiles (b column) and corresponding contours (a column) for different values of
Mn and for k=0 (straight duct). For Mn=0 the contours of H are shown whereas for the other
values of Mn the stream function at the transverse plane is pictured (c column).

Figure 3: Axial velocity profiles (b column) and corresponding contours (a column) for different values of
Mn and for k=0.25. The stream function contours at the transverse plane are shown in ¢ column.

Figure 4: Axial velocity profiles (b column) and corresponding contours (a column) for different values of
Mn and for k=0.1. The stream function contours at the transverse plane are shown in ¢ column.
The magnetic field is placed at the point (xs,ys)=(1.02, 0.5)

Figure 5: Axial velocity profiles (b column) and corresponding contours (a column) for different values of
Mn and for k=0.25. The stream function contours at the transverse plane are shown in ¢ column.
The magnetic field is placed at the point (xs,ys)=(1.02, 0.5)

Figure 6: Axial velocity profiles (b column) and corresponding contours (a column) for different values of
Mn and for k=0.1. The stream function contours at the transverse plane are shown in ¢ column.
The magnetic field is placed at the point (xs,ys)=(0.5, -0.02)

Figure 7: Variation of Re with axial pressure gradient —Pz for various values of k and Mn.

Figure 8: Variation of Re” with curvature for various values of Mn and for different positions (xs,ys) of the
magnetic source.

Figure 9: Variation of Re” with Mn for various curvatures and different positions (xs,ys) of the magnetic

source.
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