
Vol.:(0123456789)1 3

BioNanoScience 
https://doi.org/10.1007/s12668-023-01117-x

Parametric Simulation of Biomagnetic Fluid with Magnetic Particles 
Over a Swirling Stretchable Cylinder Under Magnetic Field Effect

Jahangir Alam1 · M. G. Murtaza2 · E. E. Tzirtzilakis3 · M. Ferdows1

Accepted: 26 April 2023 
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2023

Abstract
Magnetic fluids with magnetic field effect mediated by magnetic particles such as NiZnFe3O4 into base fluid like blood ignite 
new medical applications interests. Magnetic particles are investigated due to their remarkable properties like as exceptional 
thermal conductivity, which is considered one of the vital in modern nanotechnology to improve the thermal properties as 
coolants in heat transfer equipment such as drug administration, cancer treatment, and electronic cooling system. Therefore, 
the research on novel heat transfer of biomagnetic fluids is extremely potent and inspiring. Hence, the present computational 
study investigates a NiZnFe3O4–blood magnetic fluids steady heat and flow transmission mechanisms performance past a 
swirling stretchable cylinder. In addition, due to the difference in rotation between NiZnFe3O4 and blood for the purposes of 
the effects of rotational viscosity in flow, a magnetic field is applied in both radial and tangential directions. The governing 
equations describing the physical problem accompanied by boundary conditions have been transformed into a dimension-
less form using a suitable similarity transformation. With the aid of the MATLAB computer program, the modified system 
of nonlinear ordinary differential equations has been computationally resolved using a precise numerical technique known 
as the parametric continuation method to explore the significance of pertinent physical parameters. With the use of graphs 
and tabular representations, the role of emerging physical factors in this model, including the Reynolds number, effective 
magnetization number, ferromagnetic interaction parameter, and particle volume fraction, is described in opposition to the 
flow and heat fields. The numerical results ultimately demonstrate that, when adding magnetic particles to base fluid (blood), 
which is superior to conventional fluids, Reynolds number and magnetization force play a key influence in the flow distri-
butions and improvement of heat transfer. It is seen that fluid velocity reduced with enhancement values of ferromagnetic 
interaction parameter, and particles’ volume fraction. Additionally, it is discovered that for Reynolds number, particles’ vol-
ume fraction, and effective magnetization number, the rate of heat transfer is increased. With authors’ best information, till 
to date, the study of heat and flow transmission of blood with NiZnFe3O4 particles under magnetic field effect over swirling 
extended cylinder has not been attempted by anyone. Sooth to say, the findings of this paper are entirely original and such 
numerical outcomes were never published by any scholar researchers. The present model can be applicable in medical sec-
tors especially in drug delivery, cancer treatment, separation, and magnetic resonance imaging.
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1  Introduction

Due to its numerous applications in bioengineering, 
industrial operations, and medical, the flow and ther-
mal transfer over rotating and stretching surfaces is one 
of the most researched topics in f luid mechanics. In 
f luid dynamics, a significant amount of research has 
been conducted over the past few decades on biological 
f luids in the presence of magnetic field as a result of 
their significant viability as mentioned by [1–4] includ-
ing magnetic drug targeting, magnetic devices for cell 
separation, reducing blood flow during surgeries, can-
cer tumor treatment, and magnetic resonance imaging 
(MRI). The most characteristic of biomagnetic fluids is 
blood. Red blood cells contain iron oxide hemoglobin 
molecules, which are present in high concentrations 
only in mature red blood cells, so they can be treated as 
magnetic fluids.

The first to present the idea of a boundary on a two-
dimensional stretching surface and offer an analytical 
solution to the suggested model was Crane [5]. Later, 
Crane [6] also explains the boundary layer flow over a 
stretching cylinder by taking into account the variance 
of linear velocity in light of the mildly enduring sig-
nificance of stretching and rotating cylinders. Wang [7] 
developed Crane’s [6] mathematical model to optimize 
the fluid effect on heat transmission outside the stretchy 
cylinder. Majeed et al. [8] discussed the investigation of 
a steady Newtonian fluid over a stretching cylinder in the 
presence of varying fluid parameters. Authors used the 
Chebyshev Spectral Newton’s Iterative Scheme to obtain 
the suggested model numerical solution, and they discov-
ered that the rate of heat transfer in a fluid for constant 
Prandtl number values is significantly lower than that of 
a fluid with variable Prandtl number. Vajravelu et al. [9] 
investigated the effects of thermo-physical parameters on 
the steady axisymmetric, viscous fluid flow through a 
stretching cylinder under the influence of heat genera-
tion/absorption. The Keller-box method was used by the 
authors to arrive at the problem numerical solution. Islam 
et al. [10] have investigated the effects of internal heat 
source/sink and Joule heating on the Maxwell mixed 
convection nanofluid flow across a stretchable cylinder. 
Ferdows et al. [11] investigated the effects of magnetic 
dipole on blood flow through a stretching cylinder while 
taking into account the principles of ferrohydrodynam-
ics (FHD) and magnetohydrodynamics (MHD). Using a 
finite difference scheme, they discovered that temperature 
distribution shows a reverse attempt while blood flow sig-
nificantly decreases when BFD is compared to MHD and 
FHD. The numerical solution of steady MHD flow over 
a stretching horizontal cylinder under the influence of 

heat source/sink is deliberated by Reddy et al. [12], and 
the numerical solution is solved by Keller-box method.

In recent decades, researchers have developed a variety 
of approaches to enhance thermal heat performance. The 
addition of nanosized particles (1–100 nm) to the base fluid 
is one topic of study. The notion of nanofluid, which involves 
suspending nanoparticles in ordinary fluid, was first pro-
posed by Choi [13]. Using the fourth-order Runge–Kutta 
integration–based shooting technique, Ashorynejad et al. 
[14] investigated the flow and heat transfer of water-based 
nanofluid flow with consideration of four different particles, 
namely Cu, Ag, Al2O3, and TiO2, over a stretchable cylin-
der under the influence of magnetic field. They discovered 
that the rate of heat transfer increased when the Reynolds 
number and particle volume percentage were increased, but 
decreased when the magnetic parameter was increased. The 
extended mathematical model of BFD over a stretchable 
cylinder taking into account variable fluid properties was 
investigated by Alam et al. [15], whereby blood is regarded 
as a base fluid and magnetic particles is Fe3O4. The numeri-
cal results produced by the finite difference method dem-
onstrate that the magnetic force can be quite important for 
blood flow dispersion. Using the finite difference method, 
Ferdows et al. [16] studied the effects of a heat source/sink 
and partial slip on the radiative blood-CoFe2O4 flow and 
heat transfer. Siddqui et al. [17] entropy analysis of a con-
stant three-dimensional water-based nanofluid flow past a 
stretched cylinder under the effect of homogeneous and het-
erogeneous processes was described in their paper. They 
used Cu and Al2O3 as nanoparticles. They noticed that the 
Eckert number, Prandtl number, and curvature parameters 
are trending toward increased entropy generation, whereas 
the temperature difference ratio parameter is trending in the 
other direction. The impact of Stefan blowing and Dufour 
and Soret on Al2O3–Cu/H2O hybrid nanofluid due to a 
stretching cylinder was discussed by Narayanaswamy et al. 
[18] and using bvp4c technique in MATLAB, authors found 
that rate of heat transfer increases up to 10% when 4% of 
nanoparticles was mixed with base fluid.

Due to its numerous uses in the fields of engineering 
and medicine, the study of flow over a rotating cylin-
der has captured the attention of researchers in this era 
of rapidly advancing technology. Recent research has 
used numerical, theoretical, and experimental methods 
to examine a vast array of problems that are subject to 
incompressible, Newtonian/non-Newtonian flow around 
a swirling and stretching cylinder. When shear stress and 
shear rate are stated as having a simple linear connec-
tion, fluids move in a Newtonian manner. The compli-
cated rheological features of non-Newtonian fluids, on 
the other hand, depend on the fluid viscosity character-
istics as a function of shear stress, and shear rate, as well 
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as the history of development, etc. The viscous f low 
around a cylinder with stretching and torsion motion 
was investigated by Fang et al. [19]. The authors of [19] 
reported that fluid velocity rapidly decreases for higher 
Reynolds numbers. Khan et al. [20] looked deeper into 
the interaction of nanoparticles with entropy formation 
in the presence of thermal radiation over a stretching and 
rotating cylinder. The authors showed that fluid velocity 
and temperature distributions increased more quickly 
with an increase in the number of particles volume frac-
tion using the bvp4c numerical technique in the MAT-
LAB software. MHD water based flow with SiO2, MoS2 
particles accounting heat source/sink over a stretcha-
ble rotating cylinder with the help of bvp4c numerical 
scheme scrutinized by Zhang et al. [21]. MHD Casson 
fluid flow which is caused by torsion motion of cylinder 
subject to heat generation/absorption is addressed by 
Javed et al. [22]. The impact of thermal radiation and 
heat source/sink on Maxwell nanofluid swirling flow 
due to stretchable rotating cylinder was addressed by 
Ahmed et al. [23]. The outcomes of the authors’ [23] 
study revealed that the temperature profile accelerate 
with raising values of the radiation parameter and Eckert 
number. Majeed et al. [24] analyzed the heat transfer and 

entropy generation of incompressible viscous fluid flow 
due to hyperbolic stretching cylinder. It is found that in 
heat and flow characteristics, curvature parameter plays 
a key role. Ahmed et al. [25] proposed a mathematical 
model of hybrid nanofluid flow subject to thermal radia-
tion and heat source over a rotating cylinder in order to 
enhance the thermo-physical properties such as thermal 
diffusivity, thermal conductivity, and heat transfer coef-
ficient of the water. Husssain et al. [26] investigates the 
multiphase flow of non-Newtonian Casson fluid with 
gold nanoparticles under magnetic forces effects through 
a uniform inclined channel. Nazeer [27] studied the heat 
and flow transfer of non-Newtonian multiphase flows 
past an inclined channel, where Eyring-Powell fluid is 
considered base fluid along with two metallic particles 
such as silver and gold. Recently, Nazir et al. [28] stud-
ied the impact of magnetized nanoparticles on water-
based ferrofluid f low over a square cavity. With the 
help of finite Galerkin finite element method, authors 
noticed that cobalt oxide have a higher heat transfer rate 
compare to that of cobalt ferrite, magnetite, and manga-
nese-zinc-ferrite nanoparticles. A mathematical model 
of blood-gold Casson fluid model under thermal radia-
tion and slip effects through a horizontal wavy channel 

Fig. 1   Geometrical view of the 
flow problem



	 BioNanoScience

1 3

is studied by Nazeer et al. [29]. They found that in all 
numerical solutions, particles’ spherical shape is much 
more effective while in entropy genration, platelet shape 
is effective than other shapes. Nazir et al. [30] studied 
the MHD convective flow and heat transfer phenomena 
inside a porous triangular cavity under heat generation 
and thermal radiation effects.

Numerous numerical techniques have been put forth 
by researchers up to this point in order to solve the 
system of nonlinear ordinary differential equations 
(ODEs). Due to their nonlinearity, these ODEs are 
exceedingly difficult to solve analytically. Even if all 
those numerical methods have been suggested, not 
every numerical scheme is practical and efficient. For 
instance, Berezowski [31] noted that Newton’s iterative 
approach is entirely useless when there are so-called 
numerous stationary states. One of the numerical tech-
niques that makes it straightforward to locate all station-
ary solutions of the nonlinear equation system is the 
parametric continuation method (PCM). The parameter 
value can also be changed in order to find a solution 
using this method. It meets the criteria for a symmetri-
cal approach as a result. It was employed, among other 
places, in [31], where the stationary states of the reactor 
were established within a predetermined range of vari-
ability using the device chosen control settings. If the 
goal is to find the stationary states of the reactor for a 
specified set of equipment parameters rather than for 
a predetermined range of control parameter variabil-
ity, the parametric continuation technique is ideal. The 
idea is to create an extraordinary ability dependent on 

a second parameter, let’s say P, such that we can obtain 
all of the answers for P = 1 by continuously varying the 
value of this parameter from P = 0. If these configu-
rations are ambiguous, the parametric figure ought to 
frequently pass through P = 1.

Since pure blood serves as the foundation of our 
model, it is important to note that, from a medical 
standpoint, blood viscosity is not constant and can be 
affected not only by the vessels width, but also by tem-
perature. To our knowledge, no one has previously tried 
to analyze the flow through a stretchable swirling cyl-
inder that can deform while using blood as a base fluid 
and magnetic particles (NiZnFe3O4) to describe medical 
phenomena and treatment applications. The aforemen-
tioned investigations served as motivation for the cur-
rent investigations, which looks into a workable model 
for hydrodynamic/thermal characterization of blood 
flow with magnetic particles in the presence of applied 
magnetic field. The novel aspect of the current study is 
that we included an external magnetic field in the radial 
and tangential directions to this mathematical model. 
Rotational viscosity f low is also taken into account 
in this model when there is an applied magnetic field. 
The set of equations in ODEs have been transformed 
using a suitable similarity transformation from PDEs. 
As a result, the resultant ODEs are numerically solved 
using PCM built in MATLAB. The calculated findings 
are shown graphically and in tabular form with physical 
justification. This study mainly focuses on the following 
research questions:

	 i.	 How does a uniform magnetic field affect flow and 
heat transfer of biomagnetic fluid when it passes 
through a rotational stretching cylinder as applied to 
radial and tangential directions of the surface?

	 ii.	 How does biomagnetic fluid such as blood behave 
when magnetic particles are suspended to it as com-
pared to conventional fluid flow?

	 iii.	 What are the effects of Reynolds number over fluid 
axial velocity, tangential velocity, and heat transfer?

2 � Physical and Mathematical Model

In this portion, first we will give the physical description 
of the proposed problem. After that, we shall introduce the 
mathematical form of the given problem with appropriate set 
of dimensionless variables. However, few important physi-
cal parameters also introduced along with their respective 
mathematical expression in this section.

Physical Description  For the present flow problem, the fol-
lowing assumptions are taken into consideration:

Table 1   Correlation of properties for present model in mathematical 
forms [15, 16, 35, 36]

Density �mf = (1 − �)�f + ��s.  
Dynamic viscosity �mf = �f (1 − �)

−2.5
.  

Heat capacitance
(

�Cp

)

mf
= (1 − �)

(

�Cp

)

f
+ �

(

�Cp

)

s
.  

Thermal conductivity �mf

�f
=

(�s+2�f )−2�(�f−�s)

(�s+2�f )+�(�f−�s)
.
  

Table 2   Numerical comparison with Fang et  al. [19] for f �� (1)  and 
g
�

(1) when � = �1 = �2 = � = m = 0  

Re f
��

(1)   g
�

(1)  
Fang et al. [19] Present 

results
Fang et al. [19] Present results

0.1 -0.48180 -0.4888 -0.51019 -0.5009
0.2 -0.61748 -0.6166 -0.52605 -0.5123
0.5 -0.88220 -0.8873 -0.58488 -0.5846
1.0 -1.1775 -1.1782 -0.68772 -0.6876
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	 i.	 Consider a steady, incompressible, axisymmetric bio-
magnetic fluid flow and heat transfer over stretchable 
swirling cylinder.

	 ii.	 Blood taken as base fluid and NiZnFe3O4 as magnetic 
particles.

	 iii.	 The cylinder is stretched with velocity u = 2az while 
it rotates with an angular velocity v = E and radius of 
the cylinder is R.

	 iv.	 Assume �⃗q = [u, v,w] to be the velocity components 
in the axial, tangential, and radial directions, respec-
tively, i.e., (z,�, r) as depicted in Fig. 1.

	 v.	 A magnetic field is employed in the radial and tan-
gential, directions. Due to the presence of a magnetic 
field, the speed of the rotation of the NiZnFe3O4 par-
ticles in blood is diverse from the vortices in the flow.

	 vi.	 Temperature of cylindrical surface is considered Tw 
and Tc is the ambient fluid temperature. Also consid-
ered that, the temperature of fluid (blood) is T = T∞ 
such way that Tw < T∞ < Tc.

Mathematical Description  Considering the above assump-
tions as mentioned in the “Physical Description” section 
and extending the idea of [21, 32, 33] the flow system of 
the governing problem in mathematical expression can be 
defined as:

Equation of continuity:

Equation of motion:

Equation of rotational motion:

(1)∇. �⃗q = 0.

(2)

𝜌mf

[

𝜕�⃗q

𝜕t
+
(

�⃗q.∇
)

�⃗q

]

= 𝜇mf∇
2 �⃗q + 𝜇0

(

��⃗M.∇

)

��⃗H +
I

2𝜏r
∇ ×

(

���⃗Es −
��⃗Ω

)

.

Equation of energy:

Here �, q,�,�0 represents blood density, velocity, viscos-
ity, and magnetic permeability, respectively. Additionally, 
M indicates magnetization, H is the magnetic field intensity 
and the rotational relaxation time, and voracity of the flow 
is represented by the mathematical symbol �r,Ω . ∇, � is the 
gradient operator and thermal conductivity, respectively. The 
subscript symbol ()mf  means magnetic fluid.

In Eq. (3), the inertia term is negligible in comparison with 
relaxation time, i.e., I d��⃗Es

dt
<< I

��⃗Es

𝜏r
 . Considering these and 

hence the equation of rotational motion can be listed as [32]:

Putting Eq. (5), into Eq. (2) and yields:

For rotational flow, two types of torques are acting on 
magnetic particles. One is known as magnetic torque which 
expressed by 

(

��⃗M × ��⃗H

)

 and the other one is viscous torque 
as defined the velocity of the magnetic particles differ from 
vorticity of the flow, i.e., ���⃗Es −

��⃗Ω.
Thus, the equilibrium of both magnetic and viscous 

torque can be expressed as [32, 33]:

where � is the volume fraction of magnetic particle. For 
mean magnetic torque, the above expression written as [32]:

Here, m is the effective magnetic number generates due 
to the magnetic torque. Now, using the relations that men-
tioned in Eqs. (6) and (8), therefore after calculating, we 
have found the following relation:

In Eq.  (9), the mathematical expression 3
2
�mf � m is 

known as rotational viscosity.

(3)I
d

dt

(

���⃗Es

)

= 𝜇0

(

��⃗M × ��⃗H

)

−
I

𝜏r

(

���⃗Es −
��⃗Ω

)

.

(4)

(

𝜌Cp

)

mf

[

𝜕T

𝜕t
+
(

�⃗q.∇
)

T

]

+ 𝜇0T
𝜕M

𝜕T
��⃗q.∇��⃗H

(

��⃗M.∇

)

��⃗H = 𝜅mf∇
2T .

(5)���⃗Es −
��⃗Ω = 𝜇0

𝜏r

I

(

��⃗M × ��⃗H

)

.

(6)

𝜌mf

[

𝜕�⃗q

𝜕t
+
(

�⃗q.∇
)

�⃗q

]

= 𝜇mf∇
2 �⃗q + 𝜇0

(

��⃗M.∇

)

��⃗H +
𝜇0

2
∇ ×

(

��⃗M × ��⃗H

)

.

(7)𝜇0

(

��⃗M × ��⃗H

)

= −6𝜇mf𝜙

(

���⃗Es −
��⃗Ω

)

.

(8)𝜇0

(

��⃗M × ��⃗H

)

= −6𝜇mf𝜙m
��⃗Ω.

(9)

𝜇0

2
∇ ×

(

��⃗M × ��⃗H

)

=
1

2
∇ × −6𝜇mf𝜙m

��⃗Ω

= −
3

2
𝜇mf𝜙m∇

(

∇. �⃗q
)

+
3

2
𝜇mf𝜙m∇

2 �⃗q

=
3

2
𝜇mf𝜙m∇

2 �⃗q.

Table 3   Grid independence test for rate of heat transfer when 
Re = 0.5,� = 0.1, � = �1 = �2 = 5, Pr = 21  

Mesh with dots −�
�

(1) CPU (s)

30 3.628133 1270
50 3.628132 1272.4
80 3.628132 1274.4
100 3.628132 1276.2

Table 4   Numerical values of base fluid (blood) and magnetic parti-
cles (NiZnFe3O4) [4, 15, 16, 36]

Physical properties Blood NiZnFe3O4

�
(

kgm−3
)

   1050 4800

Cp

(

jkg−1K−1
)

   3900 710

�
(

Wm−1K−1
)

   0.5 6.3
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Finally, Eq. (6) with the help of Eq. (9) can be written 
as:

Therefore, the given problem in cylindrical coordinates 
for Eqs. (1), (10), and (4) can be expressed in partial dif-
ferential equations form as:

For this given problem, the following boundary condi-
tions are utilized [21]:

To solve Eqs. (11) to (15), an applied magnetic field 
is introduced whose scalar potential is given by [34] as:

Here, � indicates the strength of the magnetic field. 
Hence, the applied magnetic field can be expressed as:

The components of the magnetic field ��⃗H =
(

Hr,H𝜑

)

 can 
be written as:

(10)

𝜌mf

[

𝜕�⃗q

𝜕t
+
(

�⃗q.∇
)

�⃗q

]

= 𝜇mf∇
2 �⃗q + 𝜇0

(

��⃗M.∇

)

��⃗H + 𝜇mf

(

1 +
3

2
𝜑m

)

∇2 �⃗q.

(11)
�u

�z
+

w

r
+

�w

�r
= 0.

(12)

u
�u

�z
+ w

�u

�r
=

�mf

�mf

(

1 +
3

2
�m

)

(

�2u

�r2
+

1

r

�u

�r

)

−
�0

�mf
M
�H

�r
.

(13)u
�v

�z
+ w

�v

�r
+

wv

r
=

�mf

�mf

(

1 +
3

2
�m

)

(

�2v

�r2
+

1

r

�v

�r
−

v

r2

)

−
�0

�mf

M

r

�H

��
.

(14)
(

�Cp

)

mf

(

u
�T

�z
+ w

�T

�r

)

+ �0T
�M

�T

(

w
�H

�r
+

v

r

�H

��

)

= �mf

(

�2T

�r2
+

1

r

�T

�r

)

.

(15)

at r = R ∶ u(z, r) = 2az, v(z, r) = E,w(z, r) = 0, T(z, r) = Tw
as r → ∞ ∶ u(z, r) → 0, v(z, r) → 0, T(z, r) → Tc.

(16)� =
�

2�

cos�

r
.

(17)��⃗H = −∇𝜉.

(18)

{

Hr = −
��

�r
=

�

2�

cos�

r2
.

H� = −
��

��
=

�

2�

sin�

r
.

Therefore, the magnitude of the magnetic field intensity, 
i.e., ‖��⃗H‖ = H , becomes,

After calculations, the changes of magnetic field intensity 
in radial and tangential direction are given by:

Additionally, the variation of magnetization according to 
[15] can also expressed as a linear function as:

where K is a constant coefficient known as pyromagnetic 
coefficient.

Table 1 represents the thermo-physical flow characteristics 
of magnetic fluid.

3 � Similarity Framework

To convert the system of Eqs. (11, 12, 13, 14, 15) into dimen-
sionless form, the following similarity transformations intro-
duced [21]:

The continuity Eq. (11) is automatically satisfied and the 
transformed Eqs. (12, 13, 14) with help of Eq. (22) and Table 1 
becomes:

Along with boundary conditions:

where the coefficients involved in Eqs. (23, 24, 25) are:

The emerging physical parameters defined as:

(19)H =

√

H2
r
+

1

r2
H2

�
=

�

2�

1

r2
.

(20)

{

�H

�r
= −

�

�

1

r3
.

�H

��
= 0.

(21)M = K
(

Tc − T
)

.

(22)

� =
r2

R2
, u = 2azf

�

(�), v = Eg(�),w = −aR
f (�)
√

�
, �(�) =

Tc − T

Tc − Tw
.

(23)
2A1�f

���

+
(

A1 + A2 Ref
)

f
��

− A2Ref
�2 + A3 Re�� = 0.

(24)

4A1�g
��� +

(

4A1 + 4A2 Ref
)

g� −

(

1

�
−

2A2fRe

�

)

g = 0.

(25)�
��

+
(

1 + A4PrRef
)

�
�

− A5�1f + A5�2f � = 0.

(26)f (1) = 0, f �(1), g(1) = 1, �(1) = 1g(∞) → 0, f �(∞) → 0, �(∞) → 0.

A1 =

(

1 +
3

2
�m

)

,A2 = (1 − �)
2.5
(

1 − � + �
�s

�f

)

,A3 = (1 − �)
2.5
,

A4 =
�f

�mf

(

1 − � + �
(�Cp)s
(�Cp)f

)

,A5 =
�f

�mf
.

Table 5   Fixed numerical values of the physical parameters

Parameter Estimated values References

Re 0.5, 1, 1.5 [20, 21]
� 0.0, 0.05, 0.1, 0.15, 0.2 [15, 16, 35]
m 1, 2, 3, 5 [33, 34]
� 1, 3, 5 [4, 11, 15]
�1 1, 2, 3, 5 [4, 11, 15]
�2 1, 3, 5 [11, 15, 16]
Pr 21, 25 [4, 11]
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Ferromagnetic interaction numbers in the momentum 
equation � =

�

�

�0K(Tc−Tw)
4�f a

2r3
.

Reynolds number Re = aR2

2�f
.

Prandtl number Pr =
(�Cp)f

�f
.

Ferromagnetic interaction number in the energy equa-
tion �1 =

��0KaTc

��f (Tc−Tw)
.

Ferromagnetic interaction number in the energy equa-
tion �2 =

��0Ka
2

��f
.

4 � Physical Quantities of Interest

Two important physical quantities are of much more inter-
est in view of engineer. One is that of wall shear stress and 
the other one is the rate of heat transfer.

Shear Stresses  The axial and tangential stresses of the prob-
lem can be expressed as:

(27)

�rz,wall = �mf

(

�u

�r

)

r=R
and �r�,wall = �mf

(

�v

�r
−

v

r

)

r=R
.

Fig. 2   Effect of Reynolds 
number Re on axial velocity 
profile f � (�)

Fig. 3   Effect of Reynolds 
number Re on swirling velocity 
profile g(�)
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After using Eq. (22), Eq. (27) becomes:

Rate of Heat Transfer  The expression of the rate of heat 
transfer takes the following form:

which takes the following form:

(28)�rz, wall = �mf 4azf
��

(1) and �r�, wall = �mf

2E

R
g�(1).

(29)Nu =
R�mf

�f (Tc − Tw)

(

�T

�r

)

r=R
.

5 � Numerical Solution

Following the studies [37–40], this section applies the 
PCM to the nonlinear Eqs. (23–25) under the boundary 
conditions of Eq. (26) and makes the best possible option 
for the continuation parameter. As a series of actions to be 

(30)Nu = −2
�mf

�f
�

�

(1).

Fig. 4   Effect of Reynolds num-
ber Re on temperature profile 
�(�)

Fig. 5   Effect of particles vol-
ume fraction � on axial velocity 
profile f � (�)
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taken when applying this method, the following algorithm 
is described:

Step 1: Converting the system of boundary value problem 
equations to a first-order system of ODEs

The system of Eqs. (23), (24), and (25) are transferred 
into first order of ODEs with assuming following similarity 
variables:

Now, put these transformations in Eqs. (23, 24, 25), we 
have:

(31)
h1 =f (�), h2 = f

�

(�), h3 = f
��

(�), h4

= g(�), h5 = g
�

(�), h6 = �(�), h7 = �
�

(�).

And the corresponding boundary conditions become:

Step 2: Introducing the embedding parameter p

(32)
2A1�h

�

3
+
(

A1 + A2 Re h1
)

h3 − A2 Reh
2

2
+ A3 Re�h6 = 0.

(33)

4A1�h
�

5
+
(

4A1 + 4A2 Reh1
)

h5 −

(

1

�
−

2A2 Re

�
h1

)

h4 = 0.

(34)h7
�

+
(

1 + A4PrReh1
)

h7 − A5�1h1 + A5�2h1h6 = 0.

(35)
h1(1) = 0, h2(1) = 1, h4(1) = 1, h6(1) = 1

h2(∞) → 0, h4(∞) → 0, h6(∞) → 0.

Fig. 6   Effect of particles 
volume fraction � on swirling 
velocity profile g(�)

Fig. 7   Effect of particles vol-
ume fraction � on temperature 
profile �(�)
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We used p –parameter in Eqs. (32, 33, 34) in order to get 
the ODEs in a p –parameter group and therefore,

Step 3: Differentiating with respect to the parameter p

Now, differencing Eqs. (36) to (38) with respect to p, we have:

(36)2A1�h
�

3
+
(

A1 + A2 Reh1
)(

h3 − 1
)

p − A2 Reh
2

2
+ A3 Re�h6 = 0.

(37)

4A1�h
�
5
+
(

4A1 + 4A2 Reh1
)(

h5 − 1
)

p −

(

1

�
−

2A2 Re

�
h1

)

h4 = 0.

(38)
h7

�

+
(

1 + A4PrReh1
)(

h7 − 1
)

p − A5�1h1 + A5�2h1h6 = 0.

where S is the coefficient of the matrix and N is the remain-
der, and also V =

dqi

d�
 , 1 ≤ i ≤ 7.

Step 4: Apply specify Cauchy problem and superposi-
tion principle for each componentwhere U and W are two 
unknown vector functions and a is also unknown blend 
coefficient.

Now, resolve the two Cauchy problem for each element 
as:

(39)V
�

= SV + N.

(40)V = aU +W.

Fig. 8   Effect of effective mag-
netization number m on axial 
velocity profile f � (�)

Fig. 9   Effect of effective mag-
netization number m on swirling 
velocity profile g(�)
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Now, putting Eq. (40) into the original Eq. (39), we find:

Step 5: Solving Cauchy problems

In this proposed model, a numerical implicit scheme is 
applied, as presented below:

(41)U
�

= aU.

(42)W
�

= SW + N.

(43)(aU +W)
�

= S(aU +W) + N.

As a result, the following iterative form for the given 
problem is obtained:

The discretized set of equations is then processed using 
PCM’s MATLAB algorithm.

(44)

{

Ui+1−Ui

Δ�
= SUi+1, or (I − Δ�S)Ui+1 = Ui.

Wi+1−Wi

Δ�
= SWi+1, or (I − Δ�S)Wi+1 = Wi.

(45)
{

Ui+1 = (I − Δ�S)−1Ui.

Wi+1 = (I − Δ�S)−1
(

Wi + Δ�N
)

.

Fig. 10   Effect of effective 
magnetization number m on 
temperature profile �(�)

Fig. 11   Effect of ferromagnetic 
number � on axial velocity 
profile f � (�)  
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6 � Code Validation and Parameter Estimation

It is crucial to check the numerical code that we used in this 
model before continuing with numerical computations. For 
these goals, a comparison with earlier scientific research has 
been made [19], and it can be seen from this comparison 
that the current results, which are shown in Table 2, are in 
good agreement.

Table 3 shows the grid-independence test, in order to 
maintain the point of exactness as commonly known as grid 
independence test. This can be started by mesh with 30 num-
bers of points. By augmenting number of mesh points say 

50, 80, and 100, it was seen that the results of rate heat trans-
fer for 50, 80, and 100 are almost same but computational 
time was significantly different. Therefore, by comparing 
all suitable mesh points, in this study, grid size with 100 
mesh points was chosen as the optimum grid size. Calcula-
tions of −��

(1) was performed with a PC Intel Core i3 CPU 
2.30 GHz with 8 GB RAM.

Whereas Table 4 shows the various numerical values for 
density, thermal conductivity, and specific heat of blood and 
NiZnFe3O4, Table 5 also displays the fixed numerical values 
that were employed in this model.

Fig. 12   Effect of ferromagnetic 
number �1 on temperature 
profile �(�)

Fig. 13   Effect of ferromagnetic 
number �2 on temperature 
profile �(�)
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7 � Results and Discussion

The developing influential parameters blood-NiZnFe3O4 
for velocity and temperature distributions are presented in 

this part along with the graphical findings that were gen-
erated using the PCM approach in MATLAB. Addition-
ally, tabular representations are used to depict the shear 
stress and heat transfer rate information. When the effects 
of rotating viscosity, nanofluid characteristic properties, 

Fig. 14   Effect of ferromagnetic 
number � on skin friction coef-
ficient f �� (1)  

Fig. 15   Effect of ferromagnetic 
number � on rate of heat trans-
fer −��

(1)  
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and magnetic body force are disregarded, the issues are 
reduced to [19–21]. Optimization of the utilization of 
magnetic particles in blood in biomedical and engineer-
ing fields such as drug delivery, photodynamic therapy, 
and MRI may depend on the computation findings.

Figures 2, 3, 4 show, respectively, how the Reynolds 
number affects the distributions of axial velocity f � (�) , 
swirling velocity g(�) , and temperature �(�) . It should be 
observed that axial velocity reverses at higher Reynolds 
numbers, although swirling velocity and temperature 

Fig. 16   Effect of particle vol-
ume fraction � on rate of heat 
transfer f �� (1)  

Fig. 17   Effect of particle vol-
ume fraction � on rate of heat 
transfer −��

(1)  
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distributions do not. We know that the Reynolds number 
is the proportion of internal to viscous forces. Physi-
cally, internal forces acting in the fluid flow opposite 
direction result in a decrease in flow due to a higher 
Reynolds number. The temperature of the fluid rises as a 

result. Since laminar flow was the topic we studied in our 
model, low Reynolds numbers are typically considered. 
Also take note that, when the values of Reynolds number 
are Re = 0 , then the fluid velocity of swirling flow g(�) 
is independent of f � (�).

Fig. 18   Effect of Reynolds 
number Re on rate of heat 
transfer f �� (1)  

Fig. 19   Effect of Reynolds 
number Re on rate of heat 
transfer −��

(1)  
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The effects of particle volume fraction on f � (�) , g(�) , and 
�(�) are depicted in Figs. 5, 6, 7, respectively. It is clear that 
the blood velocity and temperature drastically change when 
magnetic particles are injected, and all three cases notice-
ably improve. NiZnFe3O4 in blood has somewhat different 
rheological characteristics from Newtonian fluid as a result 
of the addition of particles. It should also be noted that the 
model behaves like pure blood when the values of volume 
fraction are met � = 0 . It is observed that, velocity profile is 
decreased with enlarging values of particles volume fraction. 
This is because an increase in the volume percentage of mag-
netic particles improves the thickness and velocity of the ther-
mal boundary layer. The particles are pushed away from the 
surface by the increase in thermal boundary layer thickness 
(i.e., particles phase moves to cooler areas). Therefore, we 
can conclude that magnetic particles have a stronger influence 
in all three scenarios. More specifically, the observation of 
temperature profile is also found similar in the study of [41].

Figures 8, 9, 10 represent the variations of f � (�) , g(�) , and 
�(�) , respectively, for the various values of effective mag-
netization number (m). In Fig. 8 and Fig. 10, axial velocity 
and temperature distribution increase as m enhanced. But the 
swirling flow g(�) increase in this case, which has not sig-
nificant impact compare with axial velocity. Physically, in 
rotational flow especially for biomagnetic fluid such as blood, 
the magnetic particles and blood rotate with diverse angu-
lar velocities when a magnetic field (H) is applied in flow 
region. As a result, magnetic particles come closer with blood 
and the impact of H on the bio-fluid enhanced and becomes 
more prevalent. It is noted that, the rotational viscosity due to 
applied magnetic field has no effect when m = 0.

Figures 11, 12, 13 depict the effects of ferromagnetic inter-
action parameter on axial velocity and temperature distribu-
tions. Due to the magnetic body force, the physical parameters 
ferromagnetic namely �, �1, �2 arises. As we already men-
tioned that, in this model, we applied the magnetic field in 
radial and tangential directions. So, for axisymmetric flow, 
in swirling velocity, the impact of ferromagnetic number is 
negligible. This force is also known as resist force which we 
called Kelvin force. As a result, fluid velocity decreases con-
sequently temperature profile increases (see Figs. 11 and 12). 
It is also noticed that for �2 temperature profile (see Fig. 13) 
reduces. Physically, magnetization force metamorphose into 
a viscous force compare that force of thermal.

Finally, the variations of ferromagnetic interaction param-
eter, Reynolds number, and particle volume fraction against 
volume fraction and ferromagnetic number, respectively, are 
shown through the Figs. 14, 15, 16, 17 18, and 19 for physical 
interest of quantities such as skin friction coefficient and rate 
of heat transfer. It was observed from Fig. 14 and Fig. 15 that 
both skin friction coefficient and rate of heat transfer signifi-
cantly increased. On the other hand, both are physical quantities 

which are appreciably reduced as increased with particles vol-
ume fraction (see Figs. 16 and 17). It was also noticed that with 
increasing values of Reynolds number, skin friction decreases 
while it boosts up the rate of heat transfer of fluid.

8 � Key Findings

In this paper, an incompressible, laminar, axisymmetric 
flow of biomagnetic fluid namely blood flow with magnetic 
particle is studied which flow is commenced due to swirl-
ing and stretching cylinder. Analysis of blood-NiZnFe3O4 
was carried by applying parametric continuation approach 
in MATLAB for velocity and temperature distributions in 
the appearance of physical parameters. However, findings 
of our current results can be summarized as follows:

•	 With enhancing values of particle volume fraction, 
velocity and temperature distributions reduce.

•	 The thermal boundary layer increases when ferromagnetic 
interaction parameter 

(

�1
)

 enhances while reduces for �2 . 
Also velocity profile decreases for increasing values of �.

•	 The external magnetic field becomes stronger when m 
gradually raises over the swirling of the blood, which 
reduces the axial velocity and temperature but increases 
the swirling velocity.

•	 Reynolds play an influence role in this rotational flow 
motion. It decreases the axial velocity while increasing 
the swirling velocity and temperature profile.

•	 Both skin friction coefficient and rate of heat transfer rate 
are increased for ferromagnetic number, whereas reverse 
phenomena is observed for particles volume fraction.

•	 For rising values of Reynolds number, skin friction coef-
ficient fall down but accelerate in heat transfer rate.

Nomenclature

z: Axial direction (m); �: Tangential direction (rad); 
r: Radial direction (m); (u, v,w): Velocity components 
(

ms−1
)

; Cp: Specific heat 
(

JKgK−1
)

  ; m: Effective magneti-
zation parameter; H: Magnetic field intensity 

(

Am−1
)

  ; 
�: Thermal conductivity 

(

Wm−1K−1
)

  ; M: Magnetiza-
tion 

(

Am−1
)

  ; Pr: Prandtl number; Re: Reynolds number; 
t: Time (s); �: Blood viscosity 

(

kgm−1s−1
)

  ; Ω: Vorticity 
(

rads−1
)

  ; ∇: Gradient operator 
(

m−1
)

; f ′′  : Axial wall 
shear stres; �: Similarity variable; T: Fluid temperature (K)
; Tc: Ambient fluid temperature (K); Tw: Surface tempera-
ture (K); Es: Angular velocity of the particles 

(

rads−1
)

  ; 
E: Angular velocity 

(

rads−1
)

  ; �: Particle volume fraction; 
I: Sum of the particles moment of inertia 

(

Kgm2
)

; �, �1, �2
: Ferromagnetic interaction parameter; q: Velocity of fluid 
(

m−1
)

; �0: Magnetic permeability 
(

Hm−1
)

; �r: Rotational 
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relaxation time 
(

s−1
)

; �: Density 
(

kgm−3
)

  ; g′: Azimuthal 
wall shear stress; Nu: Rate of heat transfer

Subscripts

()mf : Magnetic fluid (base fluid + magnetic particle); ()f
: Base fluid (blood); ()s: Magnetic particle (NiZnFe3O4)

Superscript

()
�

: Derivative with respect to �

Abbreviations

BFD: Biomagnetic fluid dynamic; MHD: Magnetohydro-
dynamic; FHD: Ferrohydrodynamic; ODEs: Ordinary 
differential equations; PDEs: Partial differential equations; 
PCM: Parametric continuation method; MIR: Magnetic 
resonance imaging
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